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1 Introduction and Preliminaries
???????????????????????????????????? [12]
"' The Structure of Projection Methods
for Variational Inequality Problems and Weak Convergence Theorems"'
???????????????
????? $R$ ??????? $N$ ???????????? $H$ ?? Hilbert ??? $\rangle$ ??
?? $|$?$|$ ???????????????????? $H$ ??? Hilbert????????
$C$ ? $H$ ??????? $T$ ? $C$ ?? $H$ ???????? $F(T)$ ? $T$ ?????????
????? $x,$ $y\in C$ ???? $\Vert Tx-Ty\Vert\leq k\Vert x-y\Vert$ ?????? $k$ ???????? $T$ ?
$k$-Lipschitz continuous ??????? $\Vert Tx-Ty\Vert\leq\Vert x-y\Vert$ ??????????????
$F(T)\neq\emptyset$ ??????? $x\in C,$ $\nu\in F(T)$ ???? $\Vert Tx-v\Vert\leq\Vert x-\nu\Vert$ ?????? $T$ ?
quasi-nonexpansive ???? $\Vert Tx-Ty\Vert^{2}\leq\langle Tx-Ty,$ $x-y\rangle$ ???? $x,$ $y\in C$ ??????
????? $T$ ? mly nonexpansive ???? $T$ ? rmly nonexpansive ??????????
????????? $T$ ? $A$ ?????? $A$ ? $C$ ?? $H$ ????????$I$ ? $H$ ????
????????? $x,$ $y\in C$ ???? $\langle x-y,Ax-Ay\rangle\geq 0$ ?????? $A$ ????????
????? $x,$ $y\in C$ ????? $\langle x-y,Ax-Ay\rangle\geq\alpha\Vert Ax-Ay\Vert^{2}$ ?????? $\alpha\in(0,\infty)$ ??
?????? $A$ ? $\alpha$-???????? (Liu and Nashed [14] ???). $A$ ? $\alpha$-??????
?????????? $A$ ????? $1/\alpha$-Lipschitz continuous ???? $a\in(O,2\alpha)$ ????
$I-aA$ ??????????? $x,$ $y\in C$ ???????????????
$\Vert(I-aA)x-(I-aA)y\Vert^{2}\leq\Vert x-y\Vert^{2}-a(2\alpha-a)\Vert Ax-Ay\Vert^{2}.$
$C$ ????????????????? $x\in H$ ???? $\Vert x-x_{0}\Vert=\min\{\Vert x-y\Vert:y\in C\}$ ?
????? $x_{0}\in C$?????? $H$ ??? $x$ ????? $P_{C}x=x_{0}$ ?????? $H$ ?? $C$ ??
???? $P_{C}$ ??????????? $H$ ?? $C$???? $T$ ? $C$?????????????
$x\in H,$ $y\in C$ ???? $0\leq\langle x-Tx,$ $Tx-y\rangle$ ?????????????? $P_{C}$ ? $x\in H,$ $y\in C$
???? $\Vert x-P_{C}x||^{2}+\Vert P_{C}x-y\Vert^{2}\leq\Vert x-y\Vert^{2}$ ???? mly nonexpansive ????
$A$ ? $C$ ?? $H$????????????? $VI(C,A)$ ??????
$VI(C,A)=\{x\in C:\langle y-x,Ax\rangle\geq 0$ for all $y\in C\}.$
$VI(C,A)$ ??? $x$ ????????????????????
??????????
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$C$ ? $n$ ?????????? $R^{n}$ ??????????? $A$ ? $C$ ?? $R^{n}$ ????? k-
Lipschitz?????? $VI(C,A)\neq\emptyset$ ???? $a\in(O, 1/k)$ ????? $C$?????? $V_{a}$ ? $U_{a}$
???????????
$V_{a}x=P_{C}(I-aA)x,$ $U_{a}x=P_{C}(I-aAV_{a})x$ for $x\in C.$
$x_{1}\in C$ ??? $C$ ??? $\{x_{n}\}$ ? $\{y_{n}\}$ ??????????
$y_{n}=V_{a}x_{n},$ $x_{n+1}=U_{a}x_{n}$ for $n\in N.$
?? Extragradient method ????????? Korplevich [9] ?????????????
????????? $\{x_{n}\}$ ? $\{y_{n}\}$ ? $VI(C,A)$ ?????????????????
Takahashi and Toyoda [24] ? 2003?? Theoreml.1?????Nadezhkina and Takahashi [17]
? 2006?? Extragradient method ????? Theorem 1.2??????
Theorem 1.1. Let $C$ be a closed convex subset of a Hilbert space H. Let $A$ be an $\alpha-inverse-$
strongly-monotone mapping of $C$ into H. Let $\{a_{n}\}$ be a sequence in $[c_{1},d_{1}]$ as $0<c_{1}\leq d_{1}<2\alpha.$
For each $n\in N$, let $V_{a_{n}}$ be a self mapping on $C$ dened by $V_{a_{n}}x=P_{C}(I-a_{n}A)x$ for $x\in C$ . Let $S$
be a nonexpansive setf-mapping on C. Assume $F(S)\cap VI(C,A)\neq\emptyset$ . Let $\{\alpha_{n}\}$ be a sequence in
$[c_{2},d_{2}]$ as $0<c_{2}\leq d_{2}<1$ . Let $x_{1}\in C$ and let $\{x_{n}\}$ and $\{y_{n}\}$ be sequences in $C$ dened by
$y_{n}=V_{a_{n}}x_{n},$ $x_{n+1}=\alpha_{n}SV_{a_{n}}x_{n}+(1-\alpha_{n})x_{n}$ for $n\in N.$
Then $\{x_{n}\}$ and $\{y_{n}\}$ converge weakly to a point $u\in F(S)\cap VI(C,A)$ .
Theorem 1.2. Let $C$ be a closed convex subset ofa Hilbert space $H$ and $A$ be a monotone and k-
Lipschitz continuous mapping $ofC$ into H. Let $\{a_{n}\}$ be a sequence in $[c_{1},d_{1}]$ as $0<c_{1}\leq d_{1}<1/k.$
For each $n\in N$, let $V_{a_{n}}$ and $U_{a_{n}}$ be a self mappings on $C$ dened by
$V_{a_{n}}x=P_{C}(I-a_{n}A)x,$ $U_{a_{n}}x=P_{C}(I-a_{n}AV_{a_{n}})x$ for $x\in C.$
Let $S$ be a nonexpansive setf-mapping on C. Assume $F(S)\cap VI(C,A)\neq\emptyset$ . Let $\{\alpha_{\eta\eta}\}$ be a sequence
in $[c2,d_{2}]$ as $0<c_{2}\leq d_{2}<1$ . Let $x_{1}\in C$ and let $\{x_{n}\},$ $\{y_{n}\},$ $\{z_{n}\}$ be sequences in $C$ dened by
$y_{n}=V_{a_{n}}x_{n},$ $z_{n}=U_{a_{n}}x_{n},$ $x_{n+1}=\alpha_{7n}SU_{a_{n}}x_{n}+(1-\alpha_{n})x_{n}$ for $n\in N.$
Then $\{x_{n}\},$ $\{y_{n}\}$ and $\{z_{n}\}$ converge weakly to a point $u\in F(S)\cap VI(C,A)$ .
Takahashi and Toyoda [24] ? Nadezhkina and Takahashi [17] ?????????????






?????? $H$ ? Hilbert ??? $I$ ? $H$??????? $P_{C}$ ? $H$ ?????? $C$????
??????Hilbert ?? $H$ ??? Opial property[18] ????
If $\{x_{n}\}$ is a sequence in $H$ which converges weakly to $u\in H$ , then
$\lim\inf_{n}\Vert x_{n}-u\Vert<\lim\inf_{n}\Vert x_{n}-v\Vert$ for $\nu\in H$ with $v\neq u.$
$S$ ????? $C$ ?? $H$ ???????? $I-S$ ? demiclosed at $0$ ??
If $\{x_{n}\}$ is a sequence in $C$ which converges weakly to $u\in C$ and satises
$\lim_{n}\Vert Sx_{n}-x_{n}\Vert=0$ , then $u\in F(S)$ .
?????????????????????????? 2??????????
???? lemma ???????????????????????
Lemma 2.1. Let $A$ be a mapping of $C$ into $H$ with $VI(C,A)\neq\emptyset$ . Let $a\in(O,\infty)$ and let $V_{a}$ be a
selfmapping on $C$ dened by $V_{a}x=P_{C}(I-aA)x$ for $x\in C$. Then $F(V_{a})=VI(C,A)$ .
???????? lemma ???????????? lemma ????????????
method ?? VI$(C,A)$ ??????? $\nu i(C,A)$ ????????????????
Lemma 2.2. Let $C$ be a convex subset ofa Hilbert space H. $LetA$ be a mapping of$C$ into $H$ and
let $vi(C,A)=\{v\in C:\langle z-v,Az\rangle\geq 0$ for all $z\in C\}$ . Then, the followings hold:
(1) $IfA$ is continuous, then $vi(C,A)\subset VI(C,A)$ .
(2) $IfA$ is monotone then $\langle y-u,Ay\rangle\geq\langle y-u,Au\rangle\geq 0$ for $u\in VI(C,A)$ and $y\in C.$
That is, $ifA$ is monotone then $VI(C,A)\subset\nu i(C,A)$ .
(3) $IfA$ is monotone and continuous, then $VI(C,A)=vi(C,A)$ .
?????????????? Lemma2.3???????
Lemma 2.3. Let $c>0$ and $\{a_{n}\}\subset[c,\infty$). Let $A$ be a monotone and $k$-Lipschitz continuous
mapping of $C$ into $H$ with $VI(C,A)\neq\emptyset$ . For each $n\in N$, let $V_{a_{n}}$ be a selfmapping on $C$ dened
by $V_{a_{n}}x=P_{C}(I-a_{n}A)x$ for $x\in C$. Let $\{x_{n}\}$ be a bounded sequence in C. If$\lim_{n}\Vert V_{a_{n}}x_{n}-x_{n}\Vert=0$
then the weak limit of any weakly convergent subsequence of $\{x_{n}\}$ is in $VI(C,A)$ .
?? lemma ??projection meod ???? $\lim_{n}\Vert V_{a_{n}}x_{n}-x_{n}\Vert=0$ ???????????
???????????Takahashi-Toyoda [24] ?method ???Lemma 2.3, 2.4?????
???????Lemma 2.4? $\lim_{n}\Vert V_{a_{n}}x_{n}-x_{n}\Vert=0$ ????????????????
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Lemma 2.4. $LetA$ be an $\alpha-inverse$-strongly-monotone mapping of $C$ into $H$ with $VI(C,A)\neq\emptyset.$
Let $\{a_{n}\}$ be a sequence in $[c,d]$ as $0<c\leq d<2\alpha$ . For each $n\in N$, let $V_{a_{n}}$ be a selfmapping
on $C$ dened by $V_{a_{n}}x=P_{C}(I-a_{n}A)x$ for $x\in C$ . Suppose $\{x_{n}\}$ is a sequence in $C$ such that
$\lim_{n}\Vert x_{n}-u\Vert=\lim_{n}\Vert V_{a_{n}}x_{n}-u\Vert$ for $u\in VI(C,A)$ . Then, $\lim_{n}\Vert V_{a_{n}}x_{n}-x_{n}\Vert=0.$
Nadezhkina-Takahashi [17] ?method???Lemma 2.3, 2.5???????????Lemma 2.5
?? $\{U_{a_{n}}\}$ ????????????method ? $\lim_{n}\Vert V_{a_{n}}x_{n}-x_{n}\Vert=0$ ?????????
????????? $\{U_{a_{n}}\}$ ??????????????????
Lemma 2.5. Let $A$ be a monotone $k$-Lipschitz continuous mapping of $C$ into H. Assume that
$VI(C,A)\neq\emptyset$ . Let $0<d<1/k$ and $\{a_{n}\}$ be a sequence in $(0,d$ ]. For $n\in N$, let $V_{a_{n}}$ and $U_{a_{n}}$ be
selfmappings on $C$ dened by
$V_{a_{n}}x=P_{C}(I-a_{n}A)x,$ $U_{a_{n}}x=P_{C}(I-a_{n}AV_{a_{n}})x$ for $x\in C.$
Then, thefollowings hold:
(1) $F(V_{a_{n}})=F(U_{a_{n}})=VI(C,A)$ for $n\in N.$
(2) Each $U_{a}$. is quasi nonexpansive with $F(U_{a_{n}})=VI(C,A)$ .
(3) Suppose $\{x_{n}\}$ is a sequence such that
$\lim_{n}\Vert x_{n}-u\Vert=\lim_{n}\Vert U_{a_{n}}x_{n}-u\Vert$ for $u\in VI(C,A)$ .
Then $\lim_{n}\Vert V_{a}.x_{n}-x_{n}\Vert=0.$
3 Main results
??????? lemma ??????? 2???????????Theorem 3. 1? Takahashi-
Toyoda [24] ? Theorem 1.1???????Theorem 3.2? Nadezhkina-Takahashi [17] ? The-
orem 1.2?????????? $S$ ??????????? $S$ ? quasi-nonexpansive ? $I-S$
? demiclosed at $0$ ???????????????????????????
Theorem 3.1. Let $C$ be a closed convex subset of a Hilbert space H. Let $A$ be an $\alpha-inverse-$
strongly monotone mapping of $C$ into H. Let $S$ be a self mapping on C. Assume that $F(S)\cap$
$VI(C,A)\neq\emptyset,$ $S$ is quasi-nonexpansive and $I-S$ is demiclosed at O. Let $\{a_{n}\}$ be a sequence in
$[c,d]$ as $0<c\leq d<2\alpha$ . For each $n\in N$, let $V_{a_{n}}$ be a self mapping on $C$ dened by $V_{a_{n}}x=$
$P_{C}(I-a_{n}A)x$ for $x\in C$. Let $\{\alpha_{r}\}$ be a sequence in $[a, b]$ as $0<a\leq b<1$ . Let $x_{1}\in C$ and let
$\{x_{n}\}$ and $\{y_{n}\}$ be sequences in $C$ dened by
$y_{n}=V_{a_{n}}x_{n},$ $x_{n+1}=\alpha_{n}SV_{a_{n}}x_{n}+(1-\alpha_{n})x_{n}$ for $n\in N.$
Then $\{x_{n}\}$ and $\{y_{n}\}$ converge weakly to a point $u\in F(S)\cap VI(C,A)$ .
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Theorem 3.2. Let $C$ be a closed convex subset of a Hilbert space $H$ and $A$ be a monotone
and $k$-Lipschitz continuous mapping of $C$ into H. Let $S$ be a self mapping on C. Assume that
$F(S)\cap VI(C,A)\neq\emptyset,$ $S$ is quasi-nonexpansive $andI-S$ is demiclosed at O. Let $\{a_{n}\}$ be a sequence
in $[c,d]$ as $0<c\leq d<1/k$ . For each $n\in N$, let $y_{a_{n}}$ and $U_{a_{n}}$ be self-mappings on $C$ dened by
$V_{a_{n}}x=P_{C}(I-a_{n}A)x,$ $U_{a_{n}}x=P_{C}(I-a_{n}AV_{a_{n}})x$ for $x\in C.$
Let $\{\alpha_{n}\}$ be a sequence in $[a,b]$ as $0<a\leq b<1$ . Let $x_{1}\in C$ and let $\{x_{n}\},$ $\{y_{n}\}$ and $\{z_{n}\}$ be
sequences dened by
$y_{n}=V_{a_{n}}x_{n},$ $z_{n}=U_{a_{n}}x_{n},$ $x_{n+1}=\alpha_{n}SU_{a_{n}}x_{n}+(1-\alpha_{\eta})x_{n}$ for $n\in N.$
Then $\{x_{n}\},$ $\{y_{n}\}$ and $\{z_{n}\}$ converge weakly to a point $u\in F(S)\cap VI(C,A)$ .
4 Applications
$C$ ? Hilbert ?? $H$ ?????? $T$ ? $C$ ?? $H$ ????????2010???Kocourek,
Takahashi and Yao [101???? generalized hybd ??????????????????
??????? $\alpha,$ $\beta$ ???????? $T$ ? generalized hybrid ???????
$\alpha\Vert Tx-Ty\Vert^{2}+(1-\alpha)\Vert x-Ty\Vert^{2}\leq\beta\Vert Tx-y\Vert^{2}+(1-\beta)\Vert x-y\Vert^{2}$ for $x,$ $y\in C.$
??????????????nonspreading????hybrid?????????????
???????generalized hybrid?? $T$ ?? $F(T)\neq\emptyset$ ?????? qauasi-nonexpansive ?
??????Takahashi, Wong and Yao [251??? lemma ??????
Lemma 4.1. Let $C$ be a closed convex subset of a Hilbert space $H$ and let $T$ be a generalized
hybrid self mapping on C. Let $\{x_{n}\}$ be a sequence in $C$ which converges weakly to $u\in C$ and
satises $\lim_{n}\Vert Tx_{n}-x_{n}\Vert=0$ . Then $u\in F(T)$ .
2008???Suzuki [19] ????????????? $H$ ????? $C$???? $T$ ????
?????????Condition (C) ??????????
(C) $\frac{1}{2}\Vert x-Tx\Vert\leq\Vert x-y\Vert$ implies $\Vert Tx-Ty\Vert\leq\Vert x-y\Vert$ for $x,y\in C.$
??????????? Class(C) ????????? $s\in[O, \infty$ ) ??????
(E) $\Vert x-Ty\Vert\leq s\Vert x-Tx\Vert+\Vert x-y\Vert$ for $x,y\in C$
?????? $T$ ? Condition (E)????????? (Falset et.al. [6] ???).
$T$ ????????? Class (C) ????Suzuki[19] ?? $T$ ? Class (C) ??? $s=3$ ??
? Condition(E) ???????????? Lemma4.2??????????Condition (E)
?????? $T$ ? $F(T)\neq\emptyset$ ????? qauasi-nonexpansive ?????????????
202
Lemma 4.2. Let $C$ be a closed convex subset of a Hilbert space $H$ and let $T$ be a self mapping
on $C$ which satises condition (E) . Let $\{x_{n}\}$ be a sequence in $C$ which converges weakly to $u\in C$
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